In this paper, we analyze the performance of downlink transmission in a space division multiple access (SDMA) millimeter-wave (mmWave) system with beam selection, where antenna arrays are considered at a base station (BS) and users. Under the assumption of limited scattering environment, we propose a simplified approach to analyze the downlink performance of the SDMA system. In this scheme, the throughput for each BS beam is approximated by a binary random variable for tractable analysis and an approximate closed-form solution for the downlink sum rate is derived. It is shown that the predicted throughputs by the proposed method reasonably agree with simulation results.
I. INTRODUCTION
The millimeter-wave (mmWave) band, which can provide a large available spectral resources [1] - [4] , has been widely studied for the next generation cellular system, namely 5G, to meet the high-speed wireless service requirements [5] . Compared with ultra high frequency (UHF) bands employed in existing cellular systems, signals transmitted over an mmWave channel may experience high path loss [6] - [8] . Thus, it is generally expected to have few paths in mmWave band [1] , [9] - [11] . The resulting environment is referred to as limited scattering environment as opposed to rich scattering environment that is typical in UHF bands.
In space division multiple access (SDMA) systems, different downlink transmission strategies have been studied in UHF bands [12] - [14] , where beamforming at a base station (BS) plays a significant role in compensating for the high propagation attenuation and improving spectral efficiency [15] - [20] . For beamforming in mmWave systems, antenna arrays with a large number of elements are generally equipped at the BS and users to extend communication range [1] , [21] . Unfortunately, due to the large-scale antenna arrays, the implementation of radio frequency (RF) hardware has become one of the main difficulties in mmWave systems [22] . In such a case, hybrid beamforming using analog and digital beamformers has been studied to solve this implementation constraint [23] , [24] . With a small number of RF chains, [11] proposed a hybrid precoder using analog phase shifters and digital precoders under limited scattering environments. In [25] , Rajashekar and Hanzo considers a hybrid beamformer for a more practical system, where the hybrid beamforming matrices are designed by employing a finite input alphabet instead of Gaussian symbols. As an alternative approach, beam selection with a set of pre-determined beams can also be considered [26] . One of the advantages of beam selection lies in the low-complexity of beamforming compared with conventional hybrid approaches. Specifically, beam selection in mmWave systems is a special case of hybrid beamforming, in which the digital beamformer can be seen as an analog beam selector.
The above mentioned works mainly consider beamforming methods for mmWave systems, where performance was valuated by simulation. To the best of our knowledge, few studies have been focused on the performance analysis of mmWave systems with beamforming, especially on deriving closed-form expression of achievable sum-rate. Different from these works, in this paper we analyze the performance of downlink SDMA in an mmWave system with beam selection [12] . The performance analysis is challenging due to the interaction between user beamforming [27] , [28] and BS beamforming with pre-determined codebooks for beam selection. Therefore, with certain assumptions for tractable analysis, we propose approximate closed-form solutions for the downlink sum-rate under different channel conditions, where the throughput of each BS beam is approximated by a binary random variable. With these manipulations, we derive an approximate closed-form expression for downlink throughput in SDMA mmWave systems. Numerical results show that the analytical sum-rate performance derived by the proposed method reasonably agree with simulation results.
The rest of the paper is organized as follows. Section II presents the system model for SDMA mmWave systems using antenna arrays and discusses the downlink sum-rate with user beam selection strategy. Furthermore, some necessary assumptions for tractable analysis are also studied. In order to apply the simplified approach to analyze the performance, the effectiveness of user beamforming is discussed in Section III. In Section IV, approximate closed-form solutions for downlink throughput with different channel coefficient conditions are derived and the effect of the number of BS beams on downlink performance is analyzed. Simulation results are presented and discussed in Section V and the paper is concluded in Section VI.
Notation: Vectors and matrices are presented by lowercase and uppercase bold letters, respectively. The transpose and Hermitian transpose are denoted by superscripts T and H, respectively. Present by C n×m as the n × m-dimensional complex space. The statistical expectation is presented by E[·]. While CN (a, R) denotes the distribution of circularly symmetric complex Gaussian (CSCG) random vectors with mean vector a and covariance matrix R.
II. ANALYSIS OF USER BEAM SELECTION IN mmWave SYSTEMS
In this section, we consider an opportunistic SDMA with user beam selection based on [12] .
A. SYSTEM MODEL Throughout the paper, we consider a frequency-division duplexing (FDD) based cellular system constitutes one BS and U users. As shown in Fig. 1 , antenna arrays with L B and L U elements are equipped at the BS and users, respectively. Although hybrid beamforming implementation is employed in mmWave systems, the computational complexity is still high as full channel state information (CSI) feedback and precoding are required. Thus, in this paper, we assume that the beams are formed by analog beamformers with predetermined phases (i.e., a hybrid beamformer where the beamforming is implemented in RF domain and the digital precoding is merely a beam selector) at the BS. In this case, beamforming becomes beam selection with a set of predetermined beams. Let V be the set of beams at the BS and |V| = K . The downlink pilot signal from the BS array is given by
where v k is the k-th beam in V and d k is the pilot signal for the k-th beam. Hence, the received signal vector at user u becomes
where H u ∈ C L U ×L B denotes the downlink channel to user u, and n u ∼ CN (0, σ 2 I) denotes the background noise vector. Moreover, we assume E[|d k | 2 ] = P/K , i.e., the total transmit power is P. According to [9] and [29] , mmWave channels would be characterized by few strong paths. Thus, the channel matrix, H u , can be found as
where Q is the number of paths between the BS and a user. For simplicity, we assume that the number of paths is the same for all users. As mentioned above, due to limited scattering in mmWave channels, Q is not large and usually 2 or 3 on average [9] . Let h u,p denote the channel coefficient of the p-th path. The angle-of-arrival (AoA) and angle-ofdeparture (AoD) are presented by ψ u,p and θ u,p , respectively. In this paper, we assume that ψ u,p and θ u,p are independent and uniformly distributed. Here, b(ψ) ∈ C L U ×1 and a(θ ) ∈ C L B ×1 denote the array response vectors (ARVs) of the user and BS arrays, respectively. For the sake of simplicity, we consider a uniform linear array (ULA) with half-wavelength spacing and the ARVs are normalized as ||b(ψ)|| = ||a(θ )|| = 1. In this case, the ARV of the BS becomes
Although the ULA is considered in the paper, it is straightforward to extend the channel model and beam selection with uniform planar array (UPA) [11] , because similar assumptions as S1)-S2) in Subsection II-C could also be satisfied to simplify the analysis.
It is noteworthy that multiple mini-slots of random orthogonal beams are used in [12] for beam selection under a rich scattering environment. To find the best set of random orthogonal beams for a given group of users, multiple sets of beams are generated and transmitted over multiple mini-slots. Thus, it is desirable to have more sets of random orthogonal beams or more mini-slots for a better performance. However, since the pilot signaling overhead increases with the number of mini-slots, there is a trade-off and an optimal number of mini-slots can be found [12] . In mmWave channels, as mentioned earlier, due to limited scattering environments, multiple sets of beams may not be useful to understand the system performance which has been studied in [30] . In this paper, with a set of K near orthogonal beams that are obtained by the ARV of the BS with quantized AoDs, the pilot training can be carried out as above. Note that in our case, we do not use multiple mini-slots (we only use one slot).
B. USER BEAM SELECTION AND DOWNLINK THROUGHPUT
Due to the implementation difficulties and computational complexity, in this paper, we consider analog beamformer with fixed-beams at users.
Suppose that each user has a codebook of pre-determined beamforming vectors, which is denoted by W u = {w u,1 , . . . , w u,N U }, where N U represents the number of beams at a user. From (2), the beamformer output of the q-th beam at user u becomes
Throughout the paper, we assume ||v k || = ||w u,q || = 1 for normalization purposes.
At user u, from (5), the signal-to-interference-plus-noise ratio (SINR) of BS beam k at user beam q can be written as
where ρ = P/σ 2 . In (6), the interference power term,
is regarded as the inter-beam interference (IBI) results from the other beams. Thus, the SINR related to the k-th BS beam at user u is given by
According to [12] , based on the users' feedback signals (BS beam indexes and the corresponding SINR values), the BS allocates the k-th beam to the user with the highest SINR.
Then, the downlink throughput can be computed as
While the beam selection approach is based on [12] , its performance analysis is different from that in [12] due to various reasons. One of them is the existence of user arrays. Another is the different channel environment. In the following analysis, we consider the beam selection under limited scattering environments.
C. SIMPLIFICATIONS USING mmWave CHARACTERS
For tractable reasons, we have the following assumptions according to the characters of mmWave. S1) Denote q as the set of possible AoAs of the received signals related to the q-th user beam. Let ∪= , and we assume that
where U 1 and j ∩ q = ∅, j = q. Moreover, q 's are equally divided and q = 1, . . . , N U . As discussed in S1), the entire space of the AoAs can be covered by user beams, {w u,1 , . . . , w u,N U }, shown in Fig. 2 .
Note that w u,q would be the ARV of the center AoA of q . In this case, for ψ ∈ q , the claim that |w H u,q b(ψ)| 2 = 1 in S1) may not be true, but the approximation would be reasonable since L U is expected to be large in mmWave systems. 
S2)
The beamforming vectors at the BS are generated as
where k denotes the set of the AoDs for the k-th BS beam. Again, k 's are equally divided. Furthermore,
where is the set of all possible AoDs. The rationale of S2) is similar to that of S1) and is omitted here. VOLUME 5, 2017
III. THE EFFECT OF USER BEAMFORMING
In this section, based on the discussions in Subsection II-C, we focus on the role of the user beamformer with the channel matrix described in (3) and propose a simplified model for user beamforming.
Under S1) -S2), we have the following definition. Definition 1: With Q paths, suppose that
It is claimed that user beamforming is effective if
Otherwise, it is ineffective.
For illustration purpose, the case of ineffective beamforming with Q = 2 is shown in Fig. 3 , where θ u,1 ∈ 1 and θ u,2 ∈ 2 . We can find that |w
. Thus, the spatial diversity at the user side cannot be fully exploited which results in ineffective user beamforming. Denote by P e (Q) the probability of effective user beamforming with Q paths. Then, we have the following results.
Lemma 1: Under S1) -S2), we assume that θ u,i , for i = 1, . . . , Q, where
Proof: As we assume that Q paths are located in different BS beams (suppose that Q = 2, if θ u,1 ∈ 1 and θ u,2 ∈ 1 , the two paths are merged, this becomes the case of Q = 1). Let ψ u,1 ∈ 1 , we have Pr (ψ u,2 / ∈ 1 ) =
. Thus, the probability of (12) becomes
As a result, the probability of effective user beamforming decreases with Q for a large N U . To illustrate it intuitively, the probabilities of effective user beamforming with different values of Q are shown in Fig. 4 , where K = 20 and N U = {40, 50}. Clearly, we can find that the probability of the effective beamforming decreases with Q which confirms (13). Moreover, it is noteworthy that the value of the probability is prohibitively high under limited scattering environment and P e (Q) = 0.9263 with Q = 3 when N U = 40. That is, with a high probability, there might be a user beam q that satisfies
. This is regarded as effective user beamforming. With the approximation of effective user beamforming, we can simplify the performance analysis of downlink transmission in mmWave systems.
IV. PERFORMANCE ANALYSIS OF DOWNLINK SDMA mmWave SYSTEMS
In this section, we discuss the downlink throughput for the performance analysis. According to (13) , we assume that the user beamforming is effective. In this case, with certain characters of mmWave, we model the channel coefficient as a constant value and derive an approximate downlink throughput by using a binary random model of the SINRs. After that, we consider the impact of the number of BS beams on the downlink throughput. Moreover, to validate the performance trend over K , we also analyze the system performance with Rayleigh fading channel coefficients and provide a closedform expression of the achievable sum-rate.
A. AN APPROXIMATE CLOSED-FORM SOLUTION FOR DOWNLINK SUM-RATE
To derive the approximate closed-form expression of the system achievable throughput, we first consider the following assumption. S3) The channel gains are the same for all u and p [29] , i.e.,
In S3), considering the independent path loss of different paths, the channel coefficient in (14) is not generally true. However, with this assumption, we can analyze the impact of K on system performance intuitively. Moreover, when the distances between the BS and users are almost the same, such as air-based network communications, it would be reasonable to set the channel coefficient as a constant.
Lemma 2: Under S1) -S3), A u;k can be formulated as a random variable given by
where
Proof: Suppose that there exits at least one path p such that |a H (θ u,p )v k | 2 = 1 for a user. The resulting SINR in (7) is given by
because there is a user beam, say user beam q, that satisfies
The probability of (17) is equivalent to the probability that there is at least one path that belongs to the k-th beam, which can be calculated as
Since
K can be written as 2 log 2 (1− 1 K ) and log 2 (1 + x) ≈ x log 2 e when x ≈ 0, (18) becomes (19) where the inequality tends to equality increasingly with K .
On the other hand, if the k-th BS beam is not included in all paths of a user, the SINR becomes either
The corresponding probability is 1 − P µ .
According to Lemma 2, for tractable analysis, A u;k would be modeled as a binary random variable with A u;k ∈ {µ, λ} and the A u;k 's are independent. Thus, the throughput for each BS beam, X k , becomes a binomial random variable given by
From (8), since C = K k=1 X k , the mean of C can be calculated as
Note that the approximation is reasonable since log 2 (1 + λ) can be ignored with a sufficiently large K .
B. THROUGHPUT ANALYSIS
In UHF band, under a rich scattering environment, the downlink throughput can be optimized by adjusting the number of training mini-slots in [12] . As mentioned earlier, in mmWave band, due to limited scattering environments, we do not need to have multiple mini-slots of random orthogonal beams.
There is a single slot of K beams. To see the impact of the number of beams, K , on the average throughput in (23), we consider the case that K ≤ U . It follows
where ξ = 
where the inequality is due to ln (1 + x) ≥ x 1+x for x ≥ 0. Thus,R(K ) is a nondecreasing function of K . That is, the more near orthogonal BS beams generated simultaneously (i.e., more angular resolution), the higher the sum throughput in downlink SDMA mmWave systems. However, the limit of R(K ) is bounded as
It is noteworthy that when ρ → ∞, the performance would be limited by B . That is, if ρ → ∞, the asymptotic sum-rate approaches
Thus, a small B is generally desirable.
C. PERFORMANCE ANALYSIS UNDER RAYLEIGH FADING CHANNELS
Without loss of generality, in this subsection, we discuss the system performance with small-scale fading channel coefficient. As in [11] , the channel coefficients, h u,p 's, are assumed to be i.i.d. CN (0, 1) here. For convenience, we use h instead of h u,p in the following analysis. Then, X k in (21) becomes
and the average sum-rate is derived as
where f (x) = e −x is the probability density function (pdf) of |h| 2 . Next, we compute the closed-form of E[C]. Based on Jensen's inequality, the expectation in (28) is upper-bounded by [31] E log 2 
where γ = K /ρ, ω = (K − 1) B , and Ei(x) = − ∞ −x e −r /rdr. Thus, an approximate closed-form of E[C] is given by
. (30) Note that although the closed-form expression is an upperbound, the performance difference is marginal which can be observed in Section V.
V. SIMULATION RESULTS AND ANALYSIS
In simulations, we consider users in a sector as illustrated in Fig. 1 . Thus, we have = (−60 • , 60 • ). Moreover, according to (4), the BS beams, {v l }, are generated as
whereθ l = lδ θ +θ offset . Here, δ θ = 2 . In addition, we set = (−60 • , 60 • ) and the signal-tonoise ratio (SNR), ρ, to 20 dB at any user.
Note that in S2), we have |a H (θ )v l | 2 = 1 if θ ∈ l , which is not true in general with the beams in (31) . Thus, we need to modify this assumption with the results from the designed beams. If θ ∈ l , we have |a
The value of B in (17) is the cross-correlation found from the beams in (31). For comparison, seven different simulations 1 are considered as follows:
• ''Analytical'': simulations using (23);
• ''R-analytical'': simulations using (23) with the modified gain in (32);
• ''Idealized analytical'': simulations using (24);
• ''Analytical-Ray'': simulations using (28);
• ''Analytical-Ray-CF'': simulations using (30);
• ''Realistic'': simulations using opportunistic beamforming strategy with the channel coefficient in (14);
• ''Realistic-Ray'': simulations using opportunistic beamforming strategy within Rayleigh fading channels. Figs. 5 and 6 show simulation results for the throughputs when K varies from 12 to 30 with U = 30 and U = 50, respectively, where L B = 40 and L U = 10. Obviously, the average throughput with U = 50 is higher than that with U = 30 since more multiuser gain can be exploited, which can also be illustrated through (22) and (23) . Note that the performance obtained by the three analytical methods closely follows the ''Realistic'' curve, especially for a large number of users and moderate value of K that satisfies K ≤ U . We observe that the curve of ''Analytical'' is slightly higher than that of the ''R-analytical'' as G ≤ 1 from (32). In addition, ''Idealized analytical'' provides the highest throughput as we set B = 0.001 which cannot be a constant in the real scenario. However, it might be a reasonable approximation with a moderate value of K and the trend agrees with that of the realistic one.
In Fig. 7 , we present the simulation results for different numbers of user beams with U = 30. For ''Realistic'' curve, clearly, the throughput increases with N U . Moreover, the improvement becomes less significant when N U is sufficiently large, since the user beamforming becomes sufficiently effective. That is to say, the analytical method with the simplifications in Sections III and IV can provide a good approximation for the performance analysis if users employ a sufficiently large number of beams. Again, the throughput from ''Idealized analytical'' provides the highest one as we set B = 0.001.
When U = 50, as shown in Fig. 8 , the performance gap between realistic and analytical methods becomes less significant since more multiuser gain can be exploited which results in an increasing probability of the effective beamforming among all users. In summary, the proposed analytical method can provide reasonable results when N U is large and U ≥ K .
To see the impact of Q on the effectiveness of the proposed method, simulations are carried out with K = 16 and the results are shown in Fig. 9 . It is noteworthy that the performance of two analytical curves closely follows that of the ''Realistic'' one which confirms the effectiveness of the proposed method under limited scattering environment. In addition, the further increase of Q (Q > 4 in Fig. 9 ) does not provide a growing throughput in simulations since more IBI is involved.
For the performance with Rayleigh fading channel coefficients, the simulations results are shown in Fig. 10 . Obviously, the results of analytical curves closely follow those of the numerical simulation and the average throughput grows with K . Furthermore, it can be clearly observed that there is no noticeable performance difference between ''AnalyticalRay'' and ''Analytical-Ray-CF'', which indicates that (30) could be used as an approximate closed-form expression. In addition, we can find that the impact of K on the system performance follows the discussion in Subsection IV-B.
VI. CONCLUSION
As the mmWave channels would be characterized by much less paths than those of UHF bands, the existing approaches for performance analysis may not be useful to understand the characters in mmWave systems.
In order to analyze the downlink performance of SDMA mmWave systems with user beam selection, we proposed an approximate closed-form solution for the sum-rate where the throughput for each BS beam is formulated as a binary random variable. Moreover, unlikely the beam selection in UHF channels, when the number of users is more than that of the BS beams, we demonstrated that the downlink throughput increases with more angular resolution at the BS. It was shown that the throughput obtained from the proposed analytical method agrees with that from simulations, which confirms the effectiveness of the proposed analysis method in SDMA mmWave systems.
